Abstract. This article presents a superconvergence for the gradient approximation of the second order elliptic equation discretized by the weak Galerkin finite element methods on nonuniform rectangular partitions. The result shows a convergence of O(h r ), 1.5 ≤ r ≤ 2, for the numerical gradient obtained from the lowest order weak Galerkin element consisting of piecewise linear and constant functions. For this numerical scheme, the optimal order of error estimate is O(h) for the gradient approximation. The superconvergence reveals a superior performance of the weak Galerkin finite element methods. Some computational results are included to numerically validate the superconvergence theory.
1. Introduction. Superconvergence is a phenomenon in numerical methods in which approximate solutions converge to the exact solution of the problem at rates higher than the optimal order as measured globally against polynomial interpolations. Superconvergence often occurs at particular locations of low dimension such as points or lines/curves for two dimensional problems. One of the main tasks in the study of superconvergence is to identify the area (i.e., discrete set of points or lines/curves) where the numerical solutions have superior performance. In scientific computing, superconvergence has been used to yield new approximations with improved and/or prescribed accuracies through postprocessing techniques involving relatively small amount of computation. Superconvergence has also been employed to provide guiding principles or posteriori error estimators for adaptive grid refinement strategies [41, 37, 42, 43, 44] . Superconvergence has played a significant role in high performance computing ever since its first discovery in the seventies of the last century [6, 2] , and the area remains to be a very active branch of numerical partial differential equations.
In this paper, we are concerned with new developments of superconvergence for weak Galerkin finite element approximations of boundary value problems (BVP). For simplicity, we consider the second order elliptic equation that seeks an unknown function u ∈ H 1 (Ω) satisfying −∇ · (a∇u) = f, in Ω, (1.1) u = g, on ∂Ω, (1.2) where Ω is an open bounded domain in R 2 with Lipschitz continuous boundary ∂Ω; f = f (x, y) ∈ H −1 (Ω) and g = g(x, y) ∈ H 1 2 (∂Ω) are given functions defined on Ω and its boundary ∂Ω, respectively. We assume that the diffusive coefficient tensor a = {a ij } 2×2 is symmetric, uniformly bounded and positive definite in Ω. Here and in what follows of this paper, we adopt the usual notation of Sobolev spaces used in [3, 9] .
Numerical solutions to (1.1)-(1.2) can be obtained by using a variety of computational methods, including the finite difference, the finite volume, the collocation, and the finite element methods. For the superconvergence study, we shall focus on the weak Galerkin finite element method (WG-FEM) developed in [38, 39, 19, 20] (see also the references cited therein). WG-FEM is a relatively new numerical method for partial differential equations. The method is technically a generalization of the classical Galerkin finite element method [3, 9] through a relaxed assumption on the smoothness of the approximating functions. WG-FEM has three fundamental ingredients in its formulation: (1) conventional weak form -it is based on the usual variational formulation for the PDE problem; (2) weak derivatives -it makes use of weak (often discontinuous) finite element functions for which generalized weak partial derivatives are introduced by mimicking the definition of distributions; and (3) weak continuity -parameter-independent stabilizers are employed to ensure weak continuity of the numerical solution. WG-FEM has advantages over the classical Galerkin finite element method in several aspects. First, the approximating functions are flexible and easy to represent as WG is based on piecewise polynomials with great flexibility in the continuity requirement. Next, the finite element partitions are allowed to contain polygons or polyhedra of arbitrary shape in WG-FEM [39] so that the method is robust with respect to domain partitioning. Furthermore, it is known that WG schemes are absolutely stable, and the corresponding solutions generally preserve the physical quantities inherited by the modeling equations at discrete levels. WG-FEM has been developed for many PDEs including the linear elasticity equation [33] , the Stokes equation [44] , Maxwell's equation [22, 29] , the elliptic interface problem [23] , the Brinkman equation [17] , the Helmholtz equation [24] , the Sobolev equation [8] , and the wave equation [11] etc. The latest development of WG-FEM is the primal-dual weak Galerkin finite element method for second order elliptic equations in non-divergence form [31] and the Fokker-Planck equation [32] .
Some superconvergence has been observed for weak Galerkin finite element approximations in published and unpublished numerical experiments. In [18, 11] , the authors have noted some superconvergence for the gradient approximation in their numerical experiments for the elliptic and hyperbolic equations (e.g., ∇ d e h in Table  4 .11 [18] ). In [31] , a superconvergence of order O(h 4 ) was observed for the approximation of the primal variable when piecewise quadratic functions are employed in the numerical scheme. To the author's knowledge, no mathematical theory has been derived for the superconvergent results observed numerically in [18, 11, 31] . The goal of this paper is to establish a mathematical theory for some of these numerical observations.
A vast amount of literature now exists on superconvergence for various numeri-cal methods. For the classical Galerkin finite element method, it is well known that superconvergence often occurs when the governing equations have smooth solutions and are approximated by finite element schemes on partitions with special properties such as uniformity, local point symmetry, local translation invariance, and orthogonality (e.g., rectangular partitions). Many results on superconvergence have been derived in the last four decades in the finite element context, for example classical finite element method [7, 5, 28, 35, 30] , discontinuous Galerkin method [25, 1] , hybridizable discontinuous Galerkin method [4, 26] , smoothed finite element method [15] . For weak Galerkin finite element method, Harris [10] derived a superconvergence for elliptic equations by using the L 2 -projection technique introduced in [35] . It was shown in [10] that the projected numerical solution of the lowest order is convergent to the exact solution at the rate of O(h 1.5 ) or better in the usual H 1 -norm. In [36] , a post-processing technique using the polynomial preserving recovery (PPR) was introduced for the WG approximation arising from schemes with bi-polynomials and over-penalized stabilization terms on uniform rectangular partitions.
The main contribution of this paper is the establishment of an O(h r ), 1.5 ≤ r ≤ 2, error estimate for the gradient approximation of the model problem (1.1)-(1.2) when discretized by the lowest order WG-FEM on nonuniform rectangular partitions. The lowest order WG element consists of piecewise linear functions on each element plus piecewise constant functions on each element boundary. The discrete weak gradient is computed as a piecewise constant vector-valued function. For the lowest order WG-FEM under consideration, the optimal order of convergence for the gradient approximation is known to be O(h), so that the convergence of order O(h r ) reveals a super performance of the corresponding WG-FEM.
The rest of the paper is organized as follows. In Section 2, we briefly review the definition and the computation for weak gradients. In Section 3, we present a detailed description of the WG-FEM. Section 4 is devoted to the derivation of a simplified formulation for the WG-FEM. In Section 5, we derive error equations for the simplied WG-FEM. In Section 6, we carry out a superconvergence analysis in great details. Finally in Section 7, we report some numerical results to verify the superconvergence theory.
2. Weak Gradient and Discrete Weak Gradient. This section aims to review preliminaries for the weak Galerkin finite element method; namely, the discrete weak gradient operator introduced in [38] .
Throughout the paper, we use the standard notations for Sobolev spaces and norms [3, 9] . For any open set D ⊂ R 2 , · s,D and (·, ·) s,D denote the norm and innerproduct in the Sobolev space H s (D) consisting of square integrable partial derivatives up to order s. When s = 0 and D = Ω, we shall drop the subscripts in the norm and inner-product notation.
Let T be any polygonal domain with boundary ∂T . By a weak function on T we mean v = {v 0 , v b } where v 0 ∈ L 2 (T ) and v b ∈ L 2 (∂T ). The first component v 0 represents the value of v in the interior of T , and the second component v b is the value of v on ∂T . We emphasize that v b may not be related to the trace of v 0 on ∂T , should a trace be well-defined, though v b = v 0 | ∂T is a viable choice in the algorithm design.
Denote by W (T ) the space of all weak functions on T :
The weak gradient operator is denoted by ∇ w from W (T ) to the dual space of [H 1 (T )] 2 whose action on each weak function v ∈ W (T ) is given by
Here the left-hand side of (2.1) denotes the action of ∇ w v on ψ ∈ [H 1 (T )] 2 , and n is the unit outward normal vector to ∂T .
For the sake of computation, the weak gradient operator ∇ w must be discretized in one way or another. In this paper, we use polynomials to approximate the weak gradient. More precisely, for any given non-negative integer r ≥ 0, let P r (T ) be the set of polynomials on T with total degree r or less, which is used to approximate the weak gradient.
Definition 2.1. The discrete weak gradient operator, denoted by ∇ w,r,T , is defined as a linear operator so that for any v ∈ W (T ), the action ∇ w,r,T v is the unique vector-valued polynomial in
3. Algorithm of Weak Galerkin. Let T h be a polygonal partition of the domain Ω that is shape regular as defined in [39] . Denote by E h the set of all edges in T h , and E 0 h = E h \ ∂Ω the set of all interior edges. Let h T be the diameter of T ∈ T h and h = max T ∈T h h T the mesh size of the partition T h .
Let k ≥ 1 be a given positive integer. On each element T ∈ T h , we introduce a local weak finite element space V (T, k) as follows
By patching the local elements V (T, k) through a common value v b on the interior edges E 0 h , we have a global weak finite element space
Denote by V 0 h the subspace of V h consisting of the finite element functions with vanishing boundary value; i.e.,
The discrete weak gradient ∇ w,k−1 v for v ∈ V h is computed by using vector-valued polynomials of degree k − 1 on each element T ∈ T h ; namely,
For simplicity, we shall drop the subscript k − 1 from the discrete weak gradient operator notation ∇ w,k−1 , and use ∇ d to denote ∇ w,k−1 ; i.e.,
Next, we introduce two bilinear forms in
where Q b g is a suitably chosen projection of the Dirichlet boundary data by using polynomials of degree k − 1.
The approximate boundary date Q b g may take the following form:
where ε b is viewed as a small perturbation of the L 2 projection Q b g. A typical example of the perturbation term is given by ε b = 0 so that Q b g = Q b g. But it will be seen later in Section 6 that a non-zero perturbation is necessary for a superconvergence of the weak gradient.
Note that the system (3.1) is symmetric and positive definite for any parameter value ρ > 0; i.e., the system (3.1) is solvable.
4. Simplified WG Formulation. For superconvergence, we shall study the lowest order WG finite element; i.e., k = 1 in the numerical scheme (3.1). Thus, the finite element approximation u h is a piecewise linear function in the interior and piecewise constant on the element boundary. The discrete weak gradient
Note that any v = {v 0 , v b } ∈ V h can be decomposed as follows
which, for simplicity of notation, shall be denoted as
} the boundary space and V 0 = {v 0 = {v 0 , 0} ∈ V h } the interior space, respectively. Using the definition of the discrete weak gradient, it is not hard to see from (2.2) that ∇ d v 0 = 0 for any v 0 ∈ V 0 . It follows that the weak Galerkin algorithm (3.1) can be reformulated as follows: Find u h ∈ V h such that u b = Q b g on ∂Ω and satisfying
Next, we introduce an extension operator S that maps v b ∈ P 0 (∂T ) to a linear function on T such that
Thus, on each element T we have
From the above identity, for any
h in (4.1) we arrive at the following simplified weak Galerkin method.
For simplicity of analysis, we assume that the coefficient tensor a in (1.1) is a piecewise constant matrix with respect to the finite element partition T h . The result can be extended to variable coefficient tensors without any difficulty, provided that the tensor a is piecewise smooth. For simplicity of notation, we introduce a flux variable q = a∇u. 2 . On each element T ∈ T h , the following commutative property holds true [38] :
Denote 
is a linear functional on V b .
Proof. Using (5.1), (2.2) with ψ = Q h q, and the usual integration by parts, we obtain
where we have also used −∇ · q = f and T ∈T h q · n, v b ∂T = 0 as is single-valued on E 0 h and v b = 0 on ∂Ω. Thus, from the simplified WG algorithm (4.4) we obtain
This completes the proof of the lemma.
6. Superconvergence on Rectangular Elements. Consider the model problem (1.1)-(1.2) defined on rectangular domains. For simplicity, let the domain be given by Ω = (0, 1) 2 which is partitioned into rectangular elements as the Cartesian product of two partitions ∆ x and ∆ y for the unit interval I = (0, 1):
The solution of this model problem can be approximated by using the simplified weak Galerkin finite element scheme (4.4). The goal of this section is to study the accuracy or superconvergence of the numerical solutions when the lowest order (i.e., k = 1) of element is employed. On the element T , denote by v bs the value of v b on the edge e s , s = 1, . . . , 4. From (2.2) for the weak gradient, we have
which leads to the following formulation
Recall that the extension function S(v b ) ∈ P 1 (T ) is defined by the equation (4.2) with linear test function φ so that Q b φ = φ(M s ) on each edge e s . Thus, the equation (4.2) can be rewritten as
, and S(v b ) ∈ P 1 (T ) be the extension function of v b in T defined by (6.2). Then, the following results hold true
Proof. Let (x c , y c ) be the center of the element T , and assume
As S(v b ) satisfies (6.2), we may choose φ = 1 in (6.2) to obtain
|e s |v bs , which leads to
Next, by letting φ = x − x c in (6.2) we obtain
which gives rise to
Analogously, by letting φ = y − y c in (6.2) we arrive at
It follows that
Next, we will compute the value of S(v b ) − v b at the midpoint of each edge. At the midpoint M 1 = (x * 1 , y * 1 ) of the edge e 1 , we have
At the midpoint M 2 of the edge e 2 , we have
Similarly, at the midpoint of the edges e 3 and e 4 , we have
We now turn back to the two terms on the right-hand side of the error equation (5.
2). The first term is given by
∂T which is the central topic of analysis as shown in the following lemma. Recall that S(v b ) is a linear fitting of v b on the element T by using the formula (6.2). It is easy to see that the four outward normal vectors on the element boundary are given as column vectors by
From Lemma 6.1, the function S(v b ) − v b has the same value at the midpoints of e 1 and e 2 . Furthermore, S(v b ) − v b has the same directional derivative along e 1 and e 2 which is
has the same value along e 1 and e 2 at the symmetric points (x i−1 , y) and (x i , y). Similarly, S(v b ) − v b has the same value along e 3 and e 4 at the symmetric points (x, y j−1 ) and (x, y j ). It follows that
As S(v b ) − v b has the same value at the points (x i−1 , y) and (x i , y), this boundary function can be extended to the rectangular element T by assuming the value (S(v b ) − v b )(x i−1 , y) along each horizontal line segment. For simplicity, we denote this extension as χ 1 , i.e.,
Analogously, S(v b ) − v b can be extended to T by using its information on the edges e 3 and e 4 , yielding
From Lemma 6.1, we have
(6.9) Lemma 6.2. Let u ∈ H 3 (Ω) be a given function, and T h = ∆ x × ∆ y be the rectangular partition. On each element T ∈ T h depicted as in Figure 6 .1, for any v b ∈ V 0 b we have the following expansion
∂y . The remainder term R 1 (T ) satisfies the following estimate
Proof. From (6.6) and the structure of χ i , we have
Since χ 1 is linear in the y-direction and constant in the x-direction, then
Thus, we have
Similarly, one may derive the following
where
Substituting the last two identities into (6.11) yields
(6.12)
The sum of the last two terms in (6.12) makes the remainder R 1 (T ) which can be bounded as follows:
where in the last step we have used the property (6.9). This completes the proof of the lemma.
Next, we shall deal with the second term on the right-hand side of (5.3); namely,
|ei| ei uds is the average of u on edge e i . Lemma 6.3. Under the assumptions of Lemma 6.2, one has the following expansion
where A 1 = 1/6 and the remainder term R 2 (T ) has the following estimate:
Here and in what follows of this paper, we define
Proof. From the equation (4.2) and the properties (6.9) we have
Now using the Euler-MacLaurin formula we arrive at
where A 2 is a constant, and E 1 is a cubic polynomial in the x-direction.
Analogously, we have
where E 2 is a cubic polynomial in the y-direction.
Substituting (6.17) and (6.18) into (6.16) yields
where we have used the relation |e 1 |χ 1 (M 1 ) = −|e 3 |χ 2 (M 3 ), and R 2 (T ) is given by 19) which can be seen to satisfy (6.14).
The following expansion for the error function provides a basis for superconvergence. 
Denote by e b = (Q b u − u b ) + h 2 w b the modified error function. Then, the following equation or expansion holds true:
is the remainder satisfying
Proof. First of all, from (6.20) it is easy to see that the function w b is single-valued on each edge. Furthermore, the following estimate holds true
The proof of (6.21) is merely a combination of the error equation (5.2) with the two expansions given in Lemmas 6.2 and 6.3. To this end, note that the functional ζ u on the right-hand side of (5.2) consists of two terms detailed in (5.3). The first term of ζ u (v b ) has the expansion (6.10) and the second one has (6.13) on each element T . They collectively give the following expansion (A 1 = 1/6)
On the rectangular element
Thus,
Substituting the last four identities into (6.24) yields
is the combined remainder term on the element T . It is not hard to see that the combined remainder term can be bounded as follows
Thus, it suffices to deal with the leading term in the expansion (6.25) . To this end, we use the properties (6.9) to rewrite (6.25) as follows
By introducing (6.27)
we may rewrite (6.26) in the following form
Note that the weak function w b is well-defined by (6.27) as the value on each interior edge is uniquely determined by this formula. Thus, with e b = Q b u − u b , we have
By lettingẽ b = e b + h 2 w b we arrive at (6.29) which gives precisely the expansion (6.21) with R 3 (v b ) = T ∈T h R 3 (T ) 
The above boundary condition can be implemented if w b | ∂Ω is computable without any prior knowledge of the exact solution u. The following result assumes a computable w b | ∂Ω .
Theorem 6.5. Assume that u ∈ H 3 (Ω) is the exact solution of the model problem (1.1)-(1.2). Let w b ∈ V b be given on each element T (see Fig. 6 .1) as follows
Let u b ∈ V g b be the weak Galerkin finite element approximation arising from (3.1) with the following boundary value
Denote by e b = (Q b u + h 2 w b ) − u b the modified error function. Then, the following estimate holds true:
Proof. From the error expansion (6.21) in Theorem 6.4, we have 
which, together with (6.22) and (6.23), yields the superconvergence estimate (6.33).
From (6.32), we see that the usual L 2 projection of the Dirichlet data was perturbed by (6.36)
on vertical segments, and by (6.37)
on horizontal segments. For Dirichlet boundary value problem with diagonal diffusive coefficient a = (a 11 , 0; 0, a 22 ), the perturbation ε b is computable by using merely the boundary data g, as a 12 = a 21 = 0 in (6.36)-(6.37) so that the mixed partial derivative u xy is not needed. Consequently, the superconvergence estimate (6.33) is applicable to Dirichlet boundary value problems with diagonal diffusive tensor.
From Theorem 6.5, we have the following estimate
By using (5.1) and (6.23) in (6.25) we arrive at the following superconvergence for ∇u:
The result can be summarized as follows.
Corollary 6.6. Assume that u ∈ H 3 (Ω) is the exact solution of the model problem (1.1)-(1.2) with diagonal diffusive tensor a = (a 11 , 0; 0, a 22 ). Let u b ∈ V b be the weak Galerkin finite element approximation arising from (3.1) with the following boundary value:
on vertical segments, and
on horizontal segments, where h y = |e 1 | is the meshsize in y-direction and h x = |e 3 | is the one in x-direction. Then, the following error estimate holds true:
For model problems with arbitrary diffusive coefficients, we have the following superconvergence.
Theorem 6.7. Assume that u ∈ H 3 (Ω) is the exact solution of the model problem (1.1)-(1.2) . Let u b ∈ V b be the weak Galerkin finite element approximation arising from (3.1) with the boundary value
Denote by e b = Q b u − u b the error function. Then, the following estimate holds true:
Proof. From the error expansion (6.21) of Theorem 6.4, we have
, where e b = (Q b u − u b ) + h 2 w b and w b is given by (6.31). The remainder R 3 (v b ) has the estimate (6.22). The modified error function e b is generally non-vanishing on the boundary of the domain so that it is disqualified to serve as a test function. To overcome this difficulty, we shall remove the perturbation h 2 w b from e b on the boundary by subtracting the following function
It then follows from (6.45) that
b . The first two terms on the right-hand side of (6.47) can be bounded as follows
The third and the fourth term on the right-hand side of (6.47) can be bounded by using the Schwartz inequality
Substituting the last three estimates into (6.47) with v b = e b − χ b yields the following estimate:
where we have also used the Cauchy-Schwarz inequality. The last inequality leads to the desired superconvergence estimate (6.44) . This completes the proof of the theorem.
Numerical Experiments.
In this section, we report some computational results for the weak Galerkin finite element scheme (3.1) to numerically justify the superconvergence estimates established in Theorems 6.5 and 6.7 and Corollary 6.6. Our numerical experiment makes use of the lowest order of finite element in the scheme (3.1) so that the numerical solution u h = {u 0 , u b } is given by u 0 ∈ P 1 (T ), u b ∈ P 0 (∂T ), and
Let u = u(x, y) be the exact solution of (1.1)-(1.2), and denote by
the error function, where
projections of the exact solution onto the corresponding finite element spaces. Recall that the extension operator S maps piecewise constant functions on ∂T to linear functions on T through the least-squares fitting formula (4.2).
The following metrics are used to measure the error e h in our numerical experiments:
Here |T | denotes the area of the element T and (x c , y c ) represents the coordinates of the element center.
We consider eleven test examples in our numerical experiments; each addresses a particular feature of the superconvergence theory. The domain for all the test cases is chosen as the square domain with uniform or nonuniform partitions consisting of either squares or rectangles. From Corollary 6.6, the superconvergence estimate (6.42) is possible when the Dirichlet boundary value is approximated by a slightly modified L 2 projection of the exact boundary value. The numerical experiment will address the following questions for the superconvergence estimate (6.42):
• Is it necessary to use the modified L 2 projection (6.40)-(6.41) for the Dirichlet boundary value in the scheme (3.1)?
• Does one has any superconvergence for the numerical solution of (3.1) when the L 2 projection or the usual nodal point interpolation of the Dirichlet boundary value is employed? If yes, what the rate of superconvergence would be?
7.1. Numerical experiments with constant coefficients. We first consider several test examples for the model problem (1.1)-(1.2) with constant diffusive tensor on the unit square domain.
Test Case 1 (Homogeneous BVP):
The model problem (1.1)-(1.2) is defined on the unit square domain Ω = (0, 1) 2 with diffusive coefficient tensor given by a 11 = a 22 = 1, a 12 = a 21 = 0. The exact solution is chosen as u = sin(πx) sin(πy). The solution has vanishing boundary value so that the superconvergence estimate (6.42) holds true when the numerical boundary value is set to be zero. Tables 7.1-7.4 illustrate the numerical results for the lowest order WG-FEM on uniform square or rectangular partitions with the stabilization parameter ρ = 6 and ρ = 1, respectively. The boundary value was set to be zero in the numerical scheme (3.1). As the Dirichlet data is homogeneous, all the assumptions of Corollary 6.6 are satisfied for this test example so that a superconvergence of order O(h 2 ) is expected for the gradient approximation. The last two columns of Tables 7.1-7.4 show the numerical performance of the weak Galerkin finite element scheme (3.1) in various H 1 norms. The numerical results clearly confirm the superconvergence theory developed in the previous section.
It is interesting to note that the numerical solutions are very close to each other for the stabilization parameter ρ = 1 and ρ = 6 as shown in Tables 7.1 and 7.3. We also computed the solution for several other values of ρ (e.g., ρ = 0.01, 0.1, 2, 5), and the numerical results stay unchanged in terms of ρ on uniform square partitions. In addition, the two tables 7.1 and 7.3 show a superconvergence of order 4 in the H 1 norm -a superconvergence phenomena better than what the theory predicted. We believe this is a special property of the testing example and the result is not generalizable to other problems. Table 7 .1 Test Case 1: Numerical performance of the WG scheme (3.1) (domain Ω = (0, 1) 2 , exact solution u = sin(πx) sin(πy), uniform square partitions, stabilization parameter ρ = 6, and vanishing Dirichlet boundary data). Table 7 .2 Test Case 1: Numerical performance of the WG scheme (3.1) (domain Ω = (0, 1) 2 , exact solution u = sin(πx) sin(πy), uniform rectangular partitions, stabilization parameter ρ = 6, mesh parameter h = (hx + hy)/2, and vanishing Dirichlet boundary data). Tables 7.2 and 7.4 show the numerical results when rectangular partitions are used in the numerical scheme (3.1). The finite element partitions are obtained from an initial 2 × 3 uniform partition through the usual successive refinement technique; namely, by dividing each rectangle into four equal-sized sub-rectangles. We use h x to represent the meshsize in x-direction and h y in y-direction. Table 7 .4 Test Case 1: Numerical performance of the WG scheme (3.1) (domain Ω = (0, 1) 2 , exact solution u = sin(πx) sin(πy), uniform rectangular partitions, stabilization parameter ρ = 1, mesh parameter h = max{hx, hy}, and vanishing Dirichlet boundary data). Test Case 2 (Nonhomogeneous BVP): The model problem (1.1)-(1.2) is again defined on the unit square domain Ω = (0, 1) 2 , and the diffusive coefficient a is the identity matrix. The exact solution in this test case is given by u = sin(x) cos(y). The Dirichlet boundary value is given by the restriction of the exact solution on the boundary, and the right-hand side function f is computed accordingly.
The Dirichlet boundary value is clearly non-trivial so that the superconvergence estimate (6.42) holds true when the numerical boundary value is chosen as the modified L 2 projection of the boundary data shown as in (6.40)-(6.41). Tables 7.5 and 7.6 illustrate the performance of the WG finite element scheme (3.1) when the modified L 2 projection of the boundary data is employed in (3.1). The result shows a superconvergence of rate r = 2 in the discrete H 1 norm, which is in great consistency with the theory. Tables 7.7 and 7.8 show the performance of the WG finite element scheme (3.1) when the exact L 2 projection of the boundary data is employed in (3.1). On uniform square partitions, the numerical solutions are seen to be convergent at the rate of r = 2 in the discrete H 1 norm as shown in Table 7 .7. It should be pointed out that on uniform square partitions, one may carry out the analysis further to derive a superconvergence with the full rate of r = 2 if the boundary data satisfies u xx = u yy , which is the case for Test Case 2. On the other hand, Table 7 .8 illustrates a convergence at a rate lower than r = 2 on uniform rectangular partitions. The result with rectangular partitions reveals a sub-optimal order of superconvergence for the scheme (3.1) when the boundary value is approximated by the L 2 projection or the Table 7 .5 Test Case 2: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = sin(x) cos(y), uniform square partitions, stabilization parameter ρ = 1, and perturbed L 2 projection of the Dirichlet boundary data by (6.40)-(6.41). Table 7 .6 Test Case 2: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = sin(x) cos(y), uniform rectangular partitions, stabilization parameter ρ = 1, mesh parameter h = max(hx, hy), and perturbed L 2 projection of the Dirichlet boundary data by (6.40)-(6.41). usual nodal point interpolation. This sub-optimal order has been theoretically proved to be r = 1.5 with proper regularity assumptions on the exact solution. Note that the computation indicates a superconvergence with an order around r = 1.9 rather than r = 1.5. Table 7 .7 Test Case 2: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = sin(x) cos(y), uniform square partitions, stabilization parameter ρ = 1, mesh parameter h = max(hx, hy), and L 2 projection of the Dirichlet boundary data. Tables 7.9-7.11 illustrate the numerical performance of the lowest order WG-FEM on uniform square or rectangular partitions with the stabilization parameter ρ = 6. The results are similar to the case of ρ = 1.
The following conclusions seem to be appropriate from Test Case 2: Table 7 .8 Test Case 2: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = sin(x) cos(y), uniform rectangular partitions, stabilization parameter ρ = 1, mesh parameter h = max(hx, hy), and L 2 projection of the Dirichlet boundary data. • If the Dirichlet boundary value is approximated by the modified L 2 projection, the theory-predicted superconvergence of order 2 by Corollary 6.6 is computationally valid for the WG scheme (3.1).
• If the Dirichlet boundary value is approximated by the exact L 2 projection, the numerical solutions of (3.1) do not have a full rate of convergence at r = 2, but a convergence at a lower rate of r ≈ 1.9 is observed numerically. Hence, the computation outperforms the theoretical superconvergence of r = 1.5. Table 7 .9 Test Case 2: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = sin(x) cos(y), uniform square partitions, stabilization parameter ρ = 6, mesh parameter h = (hx + hy)/2, perturbed L 2 projection of the Dirichlet boundary data by (6.40)-(6.41). Table 7 .10 Test Case 2: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = sin(x) cos(y), uniform rectangular partitions, stabilization parameter ρ = 6, h = (hx + hy)/2, and perturbed L 2 projection of the Dirichlet boundary data by (6.40)-(6.41). Test Case 3 (Nonhomogeneous BVP): The model problem in Test Case 3 has exact solution u = exp(x) sin(y) on the unit square domain, with diffusive coefficient Table 7 .11 Test Case 2: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = sin(x) cos(y), uniform rectangular partitions, stabilization parameter ρ = 6, mesh parameter h = (hx + hy)/2, and L 2 projection of the Dirichlet boundary data. tensor given as the identity matrix. Unlike Test Case 2, the boundary data for Test Case 3 does not satisfy u xx = u yy so that no superconvergence of full order of r = 2 is predicted even on uniform square partitions when the usual L 2 projection is applied for the boundary data. Table 7 .12 shows the numerical result on uniform square partitions when the exact L 2 projection of the Dirichlet boundary value is used in the numerical scheme (3.1). The result indicates a superconvergence of sub-optimal order of r ≈ 1.9. Again, it should be pointed out that a superconvergence of order r = 1.5 has been theoretically established in previous sections. Table 7 .12 Test Case 3: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = exp(x) sin(y), uniform square partitions, stabilization parameter ρ = 1, L 2 projection of the boundary data. Table 7 .13 shows the numerical result on uniform square partitions when the modified L 2 projection of the Dirichlet boundary value is used in the numerical scheme (3.1). The result indicates a full superconvergence of rate r = 2, which is in great consistency with Corollary 6.6. Tables 7.14-7.15 show the numerical results on uniform rectangular partitions when the Dirichlet boundary value is approximated with various approaches in the numerical scheme (3.1). The results are similar to those on square partitions. Most notably, Table 7 .15 provides a numerical verification of the superconvergence estimate detailed in Corollary 6.6.
Test Case 4 (Nonhomogeneous BVP): Table 7 .16 contains some numerical results for the model problem in Ω = (0, 1) 2 with exact solution u = sin(x) sin(y) on Table 7 .13 Test Case 3: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = exp(x) sin(y), uniform square partitions, ρ = 1, perturbed L 2 projection of the boundary data by (6.40)-(6.41). Table 7 .14 Test Case 3: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = exp(x) sin(y), uniform rectangular partitions, stabilization parameter ρ = 1, meshsize h = max{hx, hy}, and L 2 projection of the boundary data.
1. 2 , one alters x i+1 and y j+1 by using the following formula:
where h = 1/N and rand (1) is the MatLab function that returns a single uniformly Table 7 .15 Test Case 3: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = exp(x) sin(y), uniform rectangular partitions, stabilization parameter ρ = 1, meshsize h = max{hx, hy}, and perturbed L 2 projection of the boundary data by (6.40)-(6.41). Table 7 .16 Test Case 4: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = sin(x) sin(y), uniform rectangular partitions, stabilization parameter ρ = 1, meshsize h = max{hx, hy}, and L 2 projection of the boundary data, coefficient matrix a 11 = 3, a 12 = a 21 = 1, and a 22 = 2. Table 7 .17 Test Case 5: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = cos(πx) sin(πy), nonuniform rectangular partitions, stabilization parameter ρ = 1, and L 2 projection of the boundary data. Table 7 .18 Test Case 5: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = cos(πx) sin(πy), nonuniform rectangular partitions, stabilization parameter ρ = 1, and perturbed L 2 projection of the boundary data. Table 7 .19 Test Case 6: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = cos(πx) sin(πy), nonuniform square partitions, stabilization parameter ρ = 1, and L 2 projection of the Dirichlet boundary data. Table 7 .20 Test Case 6: Convergence of the lowest order WG-FEM on the unit square domain with exact solution u = cos(πx) sin(πy), nonuniform square partitions, stabilization parameter ρ = 1, and perturbed L 2 projection of the Dirichlet boundary data by (6.40)-(6.41). Test Case 7 (Nonhomogeneous BVP): The configuration for this test example is the same as the Test Case 6, but the computation on the rate of convergence follows a different approach. More precisely, for each N = 2 j , we first construct a nonuniform rectangular partition of size N × N by using the perturbation method employed in Test Case 6, and then obtain a numerical solution by using the lowest order WG finite element method. Next, we refine this nonuniform rectangular partition through the usual bisection method (i.e., divide each rectangular element into four equal-sized sub-rectangles), and then subsequently apply the WG-FEM on the new mesh. The two numerical solutions are used to compute the rate of convergence. Table 7 .21 shows the performance of the WG finite element method with the current configuration. The theoretical rate of convergence in the discrete H 1 norm is r = 1.5, and the numerical experiment provides a good confirmation of the theory.
7.2.
Numerical experiments with discontinuous coefficients. The goal here is to numerically verify the superconvergence theory when the diffusive coefficient tensor is discontinuous in the domain.
Test Case 8 (Homogeneous BVP):
In this test case, the domain is given by Ω = (−1, 1) 2 and the diffusive coefficient tensor a is given by a = α The exact solution is chosen as u = α i sin(2πx) sin(2πy). Here the value of the coefficient α x i , α y i , α i are specified in Table 7 .22. This test problem has been considered in [16] . The numerical results are shown in Table 7 .23. Table 7 .23 Test Case 8: Convergence of the lowest order WG-FEM on the (−1, 1) 2 with exact solution u = α i sin(2πx) sin(2πy), discontinuous diffusive tensor, uniform square partitions, stabilization parameter ρ = 1, and L 2 projection of the boundary data. Test Case 9 (Nonhomogeneous BVP): In this numerical test, the domain Ω = (0, 1) 2 is divided into two subdomains by the vertical line x = 1 2 . The diffusive coefficient tensor is the identity matrix a = I for x < 0.5 and a = [10, 3; 3, 1] for x ≥ 0.5. The exact solution for this test problem is given by u = 1−2y 2 +4xy +6x+2y for x < 0.5 and u = −2y 2 + 1.6xy − 0.6x + 3.2y + 4.3 for x ≥ 0.5. This test problem has been considered in [16] . The numerical results are illustrated in Table 7 .24. 2 with exact solution u = sin(x) sin(y). The diffusive coefficients are given by a 11 = 1 + exp(y), a 12 = a 21 = 0.5, and a 22 = 1 + exp(x). Table 7 .25 illustrates the corresponding numerical results arising from the WG finite element method. It can be seen that the numerical results outperform the superconvergence theory established in the last section. Table 7 .25 Test Case 10: Convergence of the lowest order WG-FEM on Ω = (0, 1) 2 with exact solution u = sin(x) sin(y), uniform rectangular partitions, stabilization parameter ρ = 1, and L 2 projection of the boundary data. The coefficient matrix is a 11 = 1+exp(y), a 12 = a 21 = 0.5, and a 22 = 1+exp(x). Test Case 11 (Reaction-diffusion equation): This test case is concerned with the following reaction-diffusion equation: Find an unknown function u satisfying −∇ · (a∇u) + cu = f, in Ω = (0, 1) 2 , (7.1) u = g, on ∂Ω, (7.2) where a 11 = 1 + exp(2x) + y
